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AN INTRINSIC CURVATURE CONDITION FOR SUBMERSIONS
OVER RIEMANNIAN MANIFOLDS
LLOHANN D. SPERANC¸A
Abstract. Let pi: (M,H) → (B, b) be a submersion equipped with a horizon-
tal connection H over a Riemannian manifold (B, b). We present an intrinsic
curvature condition that only depends on the pair (H, b). By studying a set of
relative flat planes, we prove that a certain class of pairs (H, b) admits a com-
patible metric with positive sectional curvature only if they are fat, verifying
Wilhelm’s Conjecture in this class.
1. Introduction
Submersions from Lie groups constitute a main source of examples for manifolds
with positive sectional curvature (see [Zil07] for a survey). Given a Riemannian
submersion pi : (M, g) → (B, b) (i.e., a submersion pi : M → B such that the re-
striction dpi(ker dpi)⊥ is an isometry), an usual practice is to deform the starting
metric g along directions tangent to ker dpi. Here we study a curvature condition
independent of such deformations (equation (1.2), Proposition 1.3).
Let pi : (M,H)→ (B, b) be a submersion equipped with a horizontal connection
H, i.e., a distribution H complementary to V = kerdpi. We call a Riemannian
metric g on M adapted to (H, b) if g(V ,H) = 0 and dpi|H : H → TB is an isometry
(given (H, b), the set of adapted metrics is in bijection with the set of metrics in
V , which is usually infinite dimensional.) One verifies that pi : (M, g) → (B, b) is
Riemannian for any adapted metric g. Using the theory developed in this note we
prove, for instance, the following result about homogeneous submersions (a broader
class of spaces and metrics is considered in Theorem 1.3):
Theorem 1.1. Let K<H<G be compact Lie groups and consider the submersion
pi : (G/K,H)→ (G/H, b) defined by pi(lK) = lH. Suppose that (G/H, b) is normal
homogeneous and l ·Hp = Hlp for all l ∈ G. Then G/K has an adapted metric with
positive sectional curvature only if H is fat.
We call a connection H as fat if every non-zero vector X ∈ H can be locally
extended to a field X¯ ∈ H such that V = [X¯,H]v (see e.g. [?]).
Gonza´lez and Radeschi [GA´R17] considered submersions from spaces homotopi-
cally equivalent to the known examples with positive sectional curvature. They
prove that such submersions satisfy Wilhelm’s Conjecture conclusion, without cur-
vature assumptions:
Conjecture 1. Let pi : (Mn+k, g) → (Bn, b) be a Riemannian submersion. If
(M, g) is compact and has positive sectional curvature, then k < n.
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(See also [AK15, Che16, GA´G16] for interesting developments.) Theorem 1.1
assumes hypothesis on curvature but might cover different spaces. For instance, let
G = Spin(5), H = Spin(3) and G/H be the Berger space B7 ([?]). Then Theorem
1.1 guarantees that Spin(5) do not have a positively curved metric adapted to
(H, b), the usual horizontal distribution and metric induced by the bi-invariant
metric. Theorem 1.3 below covers a wider class of submersions, including the non-
standard submersions constructed in [?].
Generally, the existence of a fat connection implies Wilhelm’s conjecture. In par-
ticular, Theorems 1.1 and Theorem 1.3 verifies Wilhelm’s conjecture for particular
classes of metrics.
Our strategy is to explore the behavior of the set of vertizontal planes that
vanishes under Grey–O’Neill’s A-tensor, assuming a certain curvature condition:
given X,Y , horizontal vectors at p ∈M , one computes A : H×H → V as
(1.1) AXY =
1
2
[X¯, Y¯ ]v,
where X¯, Y¯ ∈ H are horizontal extensions of X¯, Y¯ and v stands for the projection
onto the V-component. We also consider A∗ : H × V → H, the dual of A, defined
as 〈A∗Xξ, Y 〉 = 〈AXY, ξ〉 for all X,Y ∈ H and ξ ∈ V .
Definition 1.2. Let pi : (M,H)→ (B, b) be a submersion. An adapted metric g is
called weakly non-negatively curved (WNN) if every p ∈M has a neighborhood U
where
(1.2) τ ||X ||||A∗Xξ||
2 ≥ 〈(∇XA
∗)Xξ +A
∗
XSXξ, A
∗
Xξ〉 ,
for some τ > 0 and all X ∈ H|U , ξ ∈ V|U .
Inequality (1.2) holds on submersion with totally geodesic fibers from a non-
negatively curved manifold, being a condition strictly weaker then non-negative
sectional curvature – observe that (1.2) does not give any estimate on the curvature
of the base, in contrast to non-negative curvature (see [O’N66]). Furthermore, the
WNN property is intrinsic to (H, b) (item (1) below).
Theorem 1.3. Let pi : (M,H)→ (B, b) be a submersion and g be adapted to (H, b).
Then,
(1) g is weakly non-negatively curved if and only if every metric adapted to
(H, b) is weakly non-negatively curved;
(2) if g has non-negative sectional curvature and the fibers of pi are totally
geodesic, then g is weakly non-negatively curved;
(3) suppose (M, g) is compact, weakly non-negatively curved and pi has a com-
pact structure group. Then, if g has positive sectional curvature, H is fat.
Based on item (1), we call a pair (H, b) weakly non-negatively curved if there
is a WNN metric g adapted to (H, b). Theorem 1.1 follows from Theorem 1.3 by
observing that G/K → G/H has a metric as in (2). Item (3) is proved through a
flat-strip type of result (Lemma 2.2).
The author would like to thank David Gonza´lez for his comments on the paper.
2. Dual holonomy fields
The main tool used here is dual holonomy fields (as introduced in [Spe16]). Let c
be a horizontal curve, i.e., c˙ ∈ H, recall that a holonomy field ξ along c is a vertical
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field satisfying
∇c˙ξ = −A
∗
c˙ξ − Sc˙ξ,
where S : H×H → V is the second fundamental form of the fibers:
SXξ = −(∇ξX¯)
v
with X¯ any horizontal extension of X . A vertical field ν along c is called a dual
holonomy field if
(2.1) ∇c˙ν = −A
∗
c˙ν + Sc˙ν.
As we shall see, dual holonomy fields naturally appear when dealing with adapted
metrics. Their role is represented by Lemmas 2.1, 2.2 and equation 2.4.
Given a horizontal geodesic c, we define its infinitesimal holonomy transofrma-
tion cˆ(t) : Vc(0) → Vc(t) by setting cˆ(t)ξ(0) = ξ(t), where ξ is a holonomy field along
c. We recall that, given an adapted metric g, the dual holonomy field ν along c
satisfies ([Spe16, Proposition 4.1]):
ν(t) = cˆ(t)−∗ν(0),
where cˆ(t)−∗ is the inverse of the g-dual of cˆ(t). Let g, g′ be metrics adapted to
(H, b) and let Pp : Vp → Vp be the tensor defined by
(2.2) g′(ξ, η) = g(Ppξ, η).
We use ∗ to denote g-duals and † to denote g′-duals. Thus, T † = P−1p T
∗Pq for any
operator T : Vp → Vq.
Lemma 2.1. If ν′(t) is a dual holonomy field on (M, g′), then ν′(t) = P−1
c(t)ν(t),
where ν(t) is the dual holonomy field on (M, g) with initial condition ν(0) =
Pc(0)ν
′(0). In particular, for every t,
(2.3) A†c˙ν
′(t) = A∗c˙ν(t).
Proof. According to the discussion above,
ν′(t) = cˆ(t)−†ν′(0) = (cˆ(t)†)−1ν′(0) = P−1
c(t)cˆ(t)
−∗Pc(0)ν
′(0) = P−1
c(t)ν(t).
Equation (2.3) follows since A†Xξ = A
∗
XPpξ for all X ∈ Hp, ξ ∈ Vp. 
Lemma 2.2. Let g be a WNN metric adapted to (H, b). If ν is a dual holonomy
field along a horizontal geodesic c satisfying A∗c˙ν(0) = 0, then A
∗
c˙ν(t) = 0 for all t.
Proof. The proof goes along the lines of Proposition 5.2 in [Spe17]. Take ‖c˙‖ = 1
and denote u(t) = ||A∗c˙ν(t)||
2. From (2.1), we have
(∇c˙A
∗)c˙ν = ∇c˙(A
∗
c˙ν)−A
∗
c˙∇
v
c˙ν = ∇c˙(A
∗
c˙ν) +A
∗
c˙Sc˙ν.
Thus, equation (1.2) gives 2τu(t) ≥ u′(t). Gronwall’s inequality now implies that
u(t) ≤ u(0)e2τt for all t ≥ 0. Replacing c by c˜(t) = c(−t) proves the assertion. 
As a last observation, we recall an identity in [Spe16]. Given a Riemannian metric
g, let Kg(X, ν) = Rg(X, ν, ν,X) be the unreduced sectional curvature of X ∧ν. We
recall from [Spe16, Proposition 4.2] that a dual holonomy field ν satisfies
Kg(c˙, ν(t)) =
1
2
d2
dt2
||ν(t)||2 − 3||Sc˙ν(t)||
2 + ||A∗c˙ν(t)||
2.(2.4)
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3. Proof of Theorem 1.3
Proof of (1). Let g, g′ be adapted to (H, g) and assume g WNN. Therefore, given
p ∈ M , there is a neighborhood U of p and a τ > 0 such that (1.2) holds. For
any metric h, X ∈ Hq and ν0 ∈ Vq, denote u(h, ν0, X, t) = ‖A
∨
c˙ ν(t)‖
2 where
c(t) = exp(tX), ν is the dual holonomy field along c with ν(0) = ν0 and A
∨ is the
h-dual of A. Lemma 2.1 gives u(g′, ν0, X, t) = u(g, Pqν0, X, t) for every X ∈ Hq,
ν0 ∈ Vq and t. In particular,
2τu(g′, ν0, X, t) = 2τu(g, Pqν0, X, t) ≥ u
′(g, Pqν0, X, t) = u
′(g′, ν0, X, t). 
Proof of (2). Item (2) follows by analyzing the discriminant of the polynomial
Kg(X,λA
∗
Xξ + ξ) = Kg(ξ,X) + 2λRg(X,A
∗
Xξ, ξ,X) + λ
2Kg(X,A
∗
Xξ).
From the curvature assumption, we have
Kg(ξ, A
∗
Xξ)Kg(X,A
∗
Xξ) ≥ Rg(X,A
∗
Xξ, ξ,X)
2.
On the other hand, if (M, g) has totally geodesic fibers, O’Neill’s equation (see
[O’N66] or [GW09, page 44]) gives Rg(X,A
∗
Xξ, ξ,X) = 〈(∇XA
∗)Xξ, A
∗
Xξ〉 and
Kg(ξ,X) = ‖A
∗
Xξ‖
2. Moreover, taking a relatively compact neighborhood on M ,
there is a τ > 0 such that Kg(X,A
∗
Xξ) ≤ τ‖X‖
2‖A∗Xξ‖
2. 
Proof of (3). We argue by contradiction. Suppose there are non-zeroX ∈ H, ν0 ∈ V
such that A∗Xν0 = 0. On one hand, Lemma 2.2 guarantees that A
∗
c˙ν(t) = 0 for the
dual holonomy field ν along c with ν(0) = ν0. On the other hand, holonomy fields
have bounded norm whenever pi admits a compact structure group, i.e., there is a
constant L such that ‖ν(t)‖2 ≤ L‖ν(0)‖2 for every t (see [Spe16, Proposition 3.4]).
Applying equation (2.4), we get
d2
dt2
‖ν(t)‖2 ≥ 2Kg(c˙, ν) ≥ κ‖ν(t)‖
2
for some fixed constant κ > 0, contradicting the boundedness of ‖ν(t)‖2. 
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